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We study heat transport in a pair of strongly coupled spins. In particular, we present a condition
for optimal rectification, i.e., flow of heat in one direction and complete isolation in the opposite
direction. We show that the strong-coupling formalism is necessary for correctly describing heat
flow in a wide range of parameters, including moderate to low couplings. We present a situation
in which the strong-coupling formalism predicts optimal rectification whereas the phenomenological
approach predicts no heat flow in any direction, for the same parameter values.
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Manipulation of individual quantum systems repre-
sents a breakthrough in the physical sciences [1]. It
has been successfully achieved with single atoms [2, 3],
ions [4] or molecules [5], and more recently with artifi-
cial atoms, like quantum dots [6–10], or superconducting
qubits [11, 12]. It opens perspectives in quantum in-
formation processing, motivating studies on light-matter
interaction at the single-photon level [13–17]. In anal-
ogy to modern electronic circuits, quantum devices have
been proposed such as photon diodes [18, 19] and pho-
ton transistors [20, 21]. Diodes are current rectifiers. An
optimal rectifier is able to conduct current in one sense
and isolate it in the opposite sense.
All such realistic quantum systems are, of course, open.
Natural atoms interact with electromagnetic environ-
ments [22]. Artificial atoms also interact with their solid-
state environment. There is the need to understand, at
the single-quantum level, for instance, the influence of
temperature [23–25] and of phonons [26, 27], fluctuating
charges [28], nuclear or electronic spins [29]. Analogies
to diodes and transistors are also extendable to the flow
of all such complex excitations [30].
Manipulation of individual quantum systems also gave
birth to engineered interactions between those systems
[31]. In particular, ultra-strong couplings are achieved,
e.g., between a two-level system and a single-mode cavity
in circuit QED [32], totally modifying standard quantum
optical scenarios [33].
In this paper, we explore heat transport under the in-
fluence of strong coupling between spins. We argue that
the strong-coupling formalism is necessary even for mod-
erate and low couplings. We treat a case where opti-
mal rectification is expected within the strong-coupling
description and is completely absent for the standard
phenomenological approach. Optimal rectification is ev-
idenced by the system of two spins coupled via Ising in-
teraction. A broad range of experiments is capable of
reproducing Ising-type interactions, simulating spins in
the strong-coupling regime [34].
Model. The system of interest consists in a pair of
interacting spins. We define the coupling constant ∆
between the spins in the z-direction. The magnetic field
h applied to the spin on the left is also in the z-direction.
The Hamiltonian of the system is
HS =
h
2
σLz +
∆
2
σLz σ
R
z . (1)
The spin on the left (right) is coupled with a thermal
reservoir at a given temperature TL (TR). The system
is illustrated in Figure 1(a). The four eigenstates of HS
are given in terms of the eigenstates of σ
L(R)
z , | ↑〉 and
| ↓〉, in decreasing energy order for the case of interest,
∆ < h, |4〉 = | ↑↑〉, |3〉 = | ↑↓〉, |2〉 = | ↓↓〉, |1〉 = | ↓↑〉 We
define the transition frequencies as ωmn = m−n, where
k is the eigenvalue of HS for the eigenstate |k〉. In the
present case, they read ω41 = h+ ∆, ω32 = h−∆, ω43 =
ω21 = ∆, ω31 = ω42 = h.
The coupling to the each bath of harmonic oscillators
is given by the spin-boson model in the x-component,
H
L(R)
spin−res = σ
L(R)
x
∑
k
gk(a
L(R)
k + a
L(R)†
k ), (2)
with identical coupling strengths gk. The Hamil-
tonians of the two free reservoirs are Hres,L(R) =∑
k ωka
L(R)†
k a
L(R)
k . The model in Eq. (2) implies that the
left (right) bath can only induce transitions on left (right)
spin. Therefore, transitions |4〉 ↔ |2〉 and |3〉 ↔ |1〉,
which simultaneously flip both spins, are forbidden. The
rates at which the remaining transitions occur are com-
puted in the following.
We derive a master equation to describe the system
evolution. Here comes the crucial step for what fol-
lows: strong-coupling formalism (∆ ∼ h) is employed
[35]. This means that the Lindbladians are obtained on
the basis of the eigenstates of the full system Hamilto-
nian HS . Consequently, the dissipation mechanism of
each spin depends not only on the coupling to its own
bath but also on the coupling between the spins them-
selves. In a phenomenological approach, the Lindbladian
derived for a single spin is joined to the master equation
that describes the whole chain of spins as if each bath
acted in a completely independent manner, disregarding
the presence of other coupled spins. This is usually ap-
plied for extremely low couplings between the subsystems
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2Figure 1. (a) Two spins coupled with strengh ∆. Two
independent thermal reservoirs are defined at temperatures
TL (TR) for the bath on the left (right). (b) and (c): case ∆ <
h. |1〉 to |4〉 are the eigenstates of HS in the corresponding
case. (b) Energy transitions that allow for heat flow from
the left hot bath to the right cold bath (JL > 0, as defined
in the text). Γ
L(R)
ij is the net rate of transition from state
|i〉 to |j〉, driven by the left (right) bath. The colored thick
arrows indicate the flow of heat involved in each step of the
cycle. (c) The same as (b) with reverted temperatures, and
correspondingly reverted cycle. Note that in both cases the
transition between states |2〉 and |3〉 involve heat exchange
in the opposite sense with respect to the net heat flow. This
is the key ingredient for the establishment of rectification, as
explained in the text.
as compared to the transition frequency of the free sub-
system, ∆≪ h. An example is found in typical quantum
optical scales, where ∆/h ∼ 10−11 − 10−6 [1]. By con-
trast, the master equation derived here is valid even in
the strong coupling regime. In the Born-Markov approx-
imation with respect to the reservoirs, it reads [35]
dρ
dt
= −i[HS , ρ] + LL[ρ] + LR[ρ], (3)
in } = 1 units, where the Lindblad operators LL,(R)[ρ]
are given by
LL(R)[ρ] =
∑
ω>0
J (ω)(1 + nL(R)ω )
[
AL(R)(ω)ρA
†
L(R)(ω)
−1
2
{
ρ,A†L(R)(ω)AL(R)(ω)
}]
+J (ω) nL(R)ω
[
A†L(R)(ω)ρAL(R)(ω)
−1
2
{
ρ,AL(R)(ω)A
†
L(R)(ω)
}]
, (4)
where ω = j − i > 0. The average number of exci-
tations in each reservoir is given by the Bose-Einstein
distribution, n
L(R)
ω =
[
exp ωkBTL(R) − 1
]−1
. AL(R)(ω) =∑
ω=j−i |i〉 〈i|σ
L(R)
x |j〉 〈j| is the Lindblad operator as-
sociated with the transition driven by the bath from
the left (right), with positive frequency ω. For ∆ <
h, LL[ρ] contains two non-vanishing operators, namely,
AL(ω41) = |1〉〈4| and AL(ω32) = |2〉〈3|, along with their
adjoints. Because ω43 = ω21, the only pair of non-
vanishing operators for LR[ρ] is AR(ω43) = |3〉〈4|+ |1〉〈2|
and A†R(ω43). The baths are chosen to be ohmic, so the
spectral functions are linear, J (ω) = κω, where the con-
stant κ is the same for both reservoirs.
Definition of the heat current. Heat flow is charac-
terized by heat current Jheat, defined with the aid of a
continuity equation for the average energy going through
the system 〈HS〉 [23, 24],
∂
∂t
〈HS〉 = −∇ · Jheat = −(JR − JL). (5)
The LHS of Eq.(5), ∂∂t 〈HS〉 = ∂∂tTr{ρHS} = Tr{ρ˙HS},
is calculated by the use of Eq. (3), providing
∂
∂t
〈HS〉 = Tr{LL[ρ]HS}+ Tr{LR[ρ]HS}. (6)
The rate of increase in the average energy of the system
is then the sum of the input energy rate J inL(R) from the
left (right) reservoir,
J inL(R) ≡ Tr{LL(R)[ρ]HS} = ±JL(R). (7)
Steady-state regime. We solve Eq.(3) in the steady-
state regime, defined as ρ˙ss = 0, for which
∂
∂t 〈HS〉 = 0,
JL = −JR. In this case, the density matrix is diagonal in
the energy eigenstates, [HS , ρss] = 0. So Eq. (3) reduces
to
ρ˙11 = 0 = Γ
L
41 − ΓR12, (8)
ρ˙22 = 0 = −ΓL23 + ΓR12, (9)
ρ˙33 = 0 = Γ
L
23 − ΓR34, (10)
ρ˙44 = 0 = −ΓL41 + ΓR34, (11)
where
Γ
L(R)
ij ≡ κωij [(1 + nL(R)ωij )ρii − nL(R)ωij ρjj ], (12)
defined for i > j. The first term in the RHS of Eq. (12) is
the decaying rate from state |i〉 to |j〉 and the second one
is the excitation rate from |j〉 to |i〉. So ΓL(R)ij is the net
decaying rate from the state |i〉 to the state |j〉. For j > i,
Γ
L(R)
ij = −ΓL(R)ji . See Fig.1(b) and (c). System (8)-(11)
shows that ΓL41 = Γ
R
12 = Γ
L
23 = Γ
R
34 ≡ Γ. That is, a single
function Γ of the parameters ∆, h and TL(R) governs the
rate that the cycle runs (see [36] for full expression of Γ).
Fig.1(b) represents the case where Γ < 0, and (c), Γ > 0.
3The steady-state current is computed,
JL = −ω41ΓL41 + ω32ΓL23 = −2 ∆ Γ,
where we have used that ω41 = h+ ∆ and ω32 = h−∆.
In other words, the left bath absorbs from the left spin
the amount ω41 of energy at rate |Γ| and delivers ω32
of energy at the same rate, resulting in a net amount of
2∆ of exchanged energy per cycle. JL > 0 is obtained
when −Γ > 0, i.e., −Γ = ΓL14 > 0. The last inequality
means that energy leaves the left bath and goes to the
left spin. Therefore, heat flows from the left to the right
reservoir when JL > 0 (Fig.1(b)). Heat current on the
right spin is also computed, JR = ω21Γ
R
12+ω43Γ
R
34. Using
the definition of Γ and that ω41 = ω43 + ω32 + ω21, we
verify that JR = (ω21+ω43)Γ = (ω41−ω32)Γ = ω41ΓL41−
ω32Γ
L
23 = −JL, indeed.
Relevance of the strong-coupling formalism. We evi-
dence the need for the use of strong-coupling formalism
as far as an appropriate description of heat flow in a spin
chain is concerned. In Fig.2, JL is shown as a function of
TL, at TR = 0. We compare three regimes, namely, the
strong-coupling regime ∆ = 0.5h (blue, solid line), the
moderate or intermediate regime ∆ = 0.1h (red dashed
line) and the low-coupling or weak regime ∆ = 0.01h
(black, dotted line). For all regimes, the current increases
until saturating at a stationary value JL = κ∆
2/2, since
Γ = −κ∆/4 for TL →∞ and TR → 0 [37]. Saturation in
the energy flux is expected since the system has a finite
number of energy levels.
The phenomenological model is obtained by replacing
the Lindbladians operators in Eq. (3) by
LphL [ρ] = J (h)(1 + nLh )
[
σ−L ρσ
−
L −
1
2
{
ρ, σ+Lσ
−
L
}]
+J (h) nLh
[
σ+Lρσ
−
L −
1
2
{
ρ, σ−Lσ
+
L
}]
.
and LphR [ρ], which is equal to the LphL [ρ] with R instead of
L and h→ 0. This model counterintuitively predicts zero
heat current [36], JphL = 0, regardless of the temperature
gradient, TL − TR, and of the coupling constant, ∆. In
the inset of Fig.2, a comparison of the two approaches is
made, particularly in the weak-coupling limit, ∆ = 0.01h
(red solid line for phenomenological, black dotted line for
strong-coupling model).
In order to situate our results with respect to the per-
tinent literature, we analyze the behavior of heat current
within another type of spin coupling. In Ref.[23], for in-
stance, a XY model in a transverse field [38] is considered,
for a system of four spins, in which the coupling rates are
of the same order of magnitude as the frequencies of the
isolated spins, ∆ ∼ h. However, the heat baths are mod-
eled by the phenomenological method. Fig.3 of Ref.[23]
indicates that heat current firstly increases to a maximal
value and then vanishes, with respect to the gradient of
temperature (varying TL, keeping TR = 0). That is, the
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Figure 2. (Color Online) Left current JL as a function of left
bath temperature kBTL for TR = 0 and ∆ = 0.01h (black-
dotted line, weak regime), 0.1h (red-dashed line, intermediate
regime), and 0.5h (blue-solid line, strong regime). Inset: Left
current JL from the microscopic approach (black-dotted line)
and the phenomenological approach (red-solid line) as a func-
tion of kBTL for TR = 0 in the weak coupling regime.
higher the gradient, the smaller the current, for high TL.
We show in [36] that such unexpected behavior is due to
the use of a phenomenological approach outside its range
of validity. It is worth to highlight that our formalism
solves the apparent paradox in the XY model. It yields a
physically sound prediction, where the current saturates
at a finite value, proportional to the number of quantum
levels of the system, not decreasing with respect to the
increase of temperature gradient [36].
Optimal rectification. Finally, asymmetric conduction
of heat as a function of the temperature gradient is stud-
ied. We focus back on the system formed by two inter-
acting spins as described via Ising model. We start in the
most asymmetric scenario, where TL → ∞ and TR → 0.
Then, the cycle rate simplifies to Γ = −κ∆/4 [37], and
the current to JL = κ∆
2/2 > 0. Therefore, finite con-
duction is established from the left to the right. On the
opposite limit, TL → 0, we find that Γ → 0, irrespec-
tive of TR. Hence, perfect thermal isolation takes place,
JL(TL → 0) = 0, when the temperature gradient is re-
versed. Optimal rectification is, therefore, present in that
scenario. Interestingly, the phenomenological method
predicts vanishing current in both directions [36], hence
null rectification. This reinforces the disparity between
the formalisms.
We give now a clear picture of the asymmetry found
above. The key point reside in transition |2〉 → |3〉, as
it involves heat exchange in the opposite sense with re-
spect to the net heat flow. Take, for instance, the case
4TL → 0 (cold reservoir) and TR > 0 (hot reservoir), as
illustrated in Fig.1(c). The natural path for the flow of
heat is from the hot reservoir to the cold one. In order to
accomplish that, heat must jump from the hot reservoir,
placed on the right, into the system by flipping the right
spin. In principle, two paths allow this jumping. One is
the excitation from state |1〉 to |2〉 and the other is from
|3〉 to |4〉. Both steps depend not only on the supply of
thermal energy by the reservoir on the right, but also
on the population of the state of departure. State |1〉
is the ground state, so it always have finite probability
of being populated. Nevertheless, the population of |3〉
critically depends on the existence of an excitation pro-
cess from state |2〉 to |3〉. We remind that |2〉 = | ↓↓〉
and |3〉 = | ↑↓〉. Thus, to pass from state |2〉 to |3〉, the
system needs to gain energy by flipping the spin on the
left. Only the left bath flips the left spin. If the left bath
is cold, TL → 0, it is not able to provide the required
energy for the left spin to flip. As a result, heat flow
from the hot bath on the right to the cold one on the
left is blocked precisely at transition |2〉 → |3〉 (formally,
ΓL23 = Γ = 0).
If the gradient is reversed so the left bath is hot, TL >
0, and the right bath is cold TR → 0, the natural path
for the flow of heat also gets reversed, as illustrated in
Fig.1(b). In order to allow a finite flow of heat in the new
direction, the system has to gain excitation from the left,
|1〉 = | ↓↑〉 → |4〉 = | ↑↑〉 and lose excitation to the right
bath. It must then execute the decays |4〉 → |3〉 and
|2〉 → |1〉. Again, this is only possible if an intermediate
transition occurs, i.e., |3〉 → |2〉. This involves loosing
energy to the hot reservoir on the left. But that happens
with finite probability per unit of time (ΓL32 = −Γ =
κ∆/4 > 0), in contrast to the absorption of heat from a
cold reservoir as in the previous case.
Fig.3 proves that optimal rectification is robust to the
more realistic scenario where the cold reservoir is not
exactly at zero temperature. We compare JL(∆) in
the cases kBTL = 10h  kBTR = 0h, 0.1h, and 0.3h,
in Fig.3(a), resp. black dotted, red dashed and solid
blue curves, and TL = 0h, 0.1h, and 0.3h  TR = 10h,
in Fig.3(b), resp. black dotted, red dashed and solid
blue curves. Perfect isolation of heat flow still holds
at kBTL ∼ 0.1h (kBTR = 10h), for couplings below
∆ ∼ 0.5h. Hence, optimal rectification can be preserved
even if both reservoirs have nonzero temperature. If the
temperature of the cold bath raises above T = 0.3h/kB ,
asymmetric conduction is suddenly reduced. We can un-
derstand this result based on the previous discussion.
The existence of a heat flux when TR > TL depends on
the transition |2〉 → |3〉. However, as the energy associ-
ated with this transition is ω32 = h−∆, the left current
JL will be approximately zero if the thermal energy sup-
plied by the left reservoir, kBTL, is much smaller than
ω32.
The inset of Fig.3 illustrates the characteristic curve
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Figure 3. (Color Online)(a) Left current JL as a function
of ∆/h for (a) kBTL = 10h and kBTR = 0, 0.1h, 0.3h, and
(b) kBTR = 10h and kBTL = 0, 0.1h, 0.3h. We used a
black-dotted line for kBTR(L) = 0, a red-dashed line for
kBTR(L) = 0.1h, and a blue-solid line for kBTR(L) = 0.3h.
When the temperature of the cold reservoir is set to abso-
lute zero, we find optimal rectification for any value of the
coupling parameter ∆. On the other hand, if the tempera-
ture of the cold reservoir is finite, it is necessary to reduce
the coupling parameter to achieve optimal rectification. In-
set: Left current JL as a function of the temperature gradient
δT = kB(TL − TR) for ∆ = 0.5h and T¯ = 0.5h (black-solid
line), and 5h (red-dashed line). Here T¯ = kB(TL + TR)/2
denote the average temperature. As the average temperature
decreases, the curve around δT = 0 becomes asymmetric, in-
dicating the presence of rectification.
of the thermal diode, JL(δT ) at constant T¯ ≡ kB(TL +
TR)/2, where δT ≡ kB(TL− TR). Two average tempera-
tures are considered: T¯low = 0.5h (black solid curve) and
T¯high = 5h (red dashed). Asymmetry is evidently guaran-
teed at low average temperatures, whereas it completely
ceases at high average temperatures.
Conclusions. We derive a master equation for a two-
spin chain, within the Ising model, valid in the strong-
coupling regime ∆ ∼ h. This formalism proves necessary
for correctly describing heat flow, yielding JL(δT ) > 0 at
δT > 0 not only in the strong-coupling regime ∆ ∼ h, but
also in the weak-coupling limit, ∆ h. Optimal rectifi-
cation of heat current is predicted in the limit TL(R) → 0
with TR(L) →∞. An intuitive explanation of that asym-
metry is given. Optimal rectification is robust with re-
spect to nonzero low temperatures (T ∼ 0.1h/kB) of the
cold thermal bath. The phenomenological formalism pre-
dicts no heat flow in any direction, for the same parame-
ter values to which rectification is optimal in the strong-
5coupling approach. Application of this effect to practical
devices should allow, for example, temperature control of
quantum circuits. Among the perspectives offered by this
work are the influence of strong-coupling in the quantum
Fourier law and in quantum thermal machines.
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